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Abstract
We study conditions under which a finite simplicial complex K can be mapped to Rd without
higher-multiplicity intersections. An almost r-embedding is a map f : K → Rd such that the
images of any r pairwise disjoint simplices of K do not have a common point. We show that
if r is not a prime power and d ≥ 2r + 1, then there is a counterexample to the topological
Tverberg conjecture, i.e., there is an almost r-embedding of the (d+ 1)(r−1)-simplex in Rd.
This improves on previous constructions of counterexamples (for d ≥ 3r) based on a series
of papers by M. O¨zaydin, M. Gromov, P. Blagojevic´, F. Frick, G. Ziegler, and the second
and fourth present authors.
The counterexamples are obtained by proving the following algebraic criterion in codi-
mension 2: If r ≥ 3 and if K is a finite 2(r − 1)-complex then there exists an almost r-
embedding K → R2r if and only if there exists a general position PL map f : K → R2r such
that the algebraic intersection number of the f-images of any r pairwise disjoint simplices of
K is zero. This result can be restated in terms of cohomological obstructions or equivariant
maps, and extends an analogous codimension 3 criterion by the second and fourth authors.
As an application we classify ornaments f : S3unionsqS3unionsqS3 → R5 up to ornament concordance.
It follows from work of M. Freedman, V. Krushkal, and P. Teichner that the analogous
criterion for r = 2 is false. We prove a lemma on singular higher-dimensional Borromean
rings, yielding an elementary proof of the counterexample.
MSC 2010: 57Q35, 52A35, 55S91.
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1 Main results
1.1 The topological Tverberg conjecture and almost r-embeddings
Throughout this paper, let K be a finite simplicial complex, and let r and d be positive integers.
A map f : K → Rd is an almost r-embedding if fσ1 ∩ . . . ∩ fσr = ∅ whenever σ1, . . . , σr
are pairwise disjoint simplices of K. (We stress that this definition depends on the simplicial
complex, i.e., a specified triangulation of the underlying polyhedron.)
The well-known topological Tverberg conjecture, raised by Bajmoczy and Ba´ra´ny [BB79] and
Tverberg [GS79, Problem 84] asserts that the (d+ 1)(r− 1)-dimensional simplex does not admit
an almost r-embedding in Rd. This was proved in the case where r is a prime [BB79, BShSz]
or a prime power [O¨z, Vo96], but the case of arbitrary r remained open and was considered a
central unsolved problem of topological combinatorics.
Recently and somewhat unexpectedly, it turned out that for r not a prime power and d ≥ 3r
there are counterexamples to the topological Tverberg conjecture. The construction of these
counterexamples follows an approach proposed in [MW14], which is based on
• a general algebraic criterion for the existence of almost r-embeddings in codimension ≥ 3
[MW14, MW] (the deleted product criterion, cf. Theorem 1.5 and Proposition 1.7 below),
and
• a result of O¨zaydin [O¨z] that guarantees that the hypothesis of this criterion is satisfied
whenever r is not a prime power (see [Sk16, §3.3 Proof of the O¨zaydin Theorem 3.5: local-
ization modulo a prime] for a suitable reformulation and simplified exposition of O¨zaydin’s
theorem).
There seemed to be a serious obstacle to completing this approach: maps from the
(d + 1)(r − 1)-simplex to Rd do not satisfy the codimension 3 restriction. (In a sense, the
problem is rather a codimension zero problem.) Frick [Fr15] was the first to realize that this
obstacle can be overcome by a beautiful combinatorial trick (Constraint Lemma 1.4) discovered
by Gromov [Gr10] and independently by Blagojevic´–Frick–Ziegler [BFZ14], and that thus the
results of [O¨z], [Gr10, BFZ14] and [MW] combined yield counterexamples to the topological
Tverberg conjecture for d ≥ 3r + 1 whenever r is not a prime power, cf. [Fr15, BFZ]. Using a
more involved method (‘prismatic maps’) to overcome the obstacle, the dimension for the coun-
terexamples was lowered to d ≥ 3r in [MW]. The topological Tverberg conjecture is still open
for low dimensions d < 12, in particular, for d = 2.
For more detailed accounts of the history of the counterexamples, see the surveys [BBZ],
[BZ16, §1 and beginning of §5], [Sk16], [Zi17, §21.4.5], [BS] and the references therein.
Here, we improve this and show that counterexamples exist for d ≥ 2r + 1 (see also Remark
3.1.a):
Theorem 1.1. There is an almost 6-embedding of the 70-dimensional simplex in R13.
More generally, if r is not a prime power and d ≥ 2r+1, then there is an almost r-embedding
of the (d+ 1)(r − 1)-simplex in Rd.
Any sufficiently small perturbation of an almost r-embedding is again an almost r-embedding.
So the existence of a continuous almost r-embedding is equivalent to the existence of a piecewise
linear (PL) almost r-embedding.
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A result closely related to the topological Tverberg conjecture is the following theorem, which
generalizes a classical theorem (the case r = 2) of Van Kampen and Flores [VK], see also Lemma
2.5 below.
Theorem 1.2 (r-fold van Kampen–Flores Theorem; [Sa91], [Vo96’, Corollary in §1]). If r is
a prime power and k ≥ 1, then there is no almost r-embedding of the k(r − 1)-skeleton of the
(kr + 2)(r − 1)-simplex in Rkr.
The first ingredient for the proof of Theorem 1.1 is Part (a) of the following result, which
shows that Theorem 1.2 fails in a strong sense whenever r is not a prime power.
Theorem 1.3. (a) If k ≥ 2 and r is not a prime power, then every finite k(r−1)-dimensional
complex admits an almost r-embedding in Rkr.
(b) For every fixed k, r ≥ 2, k + r ≥ 5, almost r-embeddability of finite k(r − 1)-dimensional
complexes in Rkr is decidable in polynomial time.
For k ≥ 3, Theorem 1.3 is a consequence of [O¨z] and [MW]; for k = 2, it is a result of this
paper. Theorem 1.3 is deduced from Theorem 1.5 below in §1.2.
The second ingredient for the proof of Theorem 1.1 is the following lemma, which was proved
in [Gr10, 2.9.c], [BFZ14, Lemma 4.1.iii and 4.2] (see also [Fr15, proof of Theorem 4], [BFZ, proof
of Theorem 3.2] and the surveys [Sk16, Constraint Lemma 3.2], [BZ16, §4, §5]).
Lemma 1.4 (Constraint). If k, r are integers and there is an almost r-embedding of the
k(r − 1)-skeleton of the (kr + 2)(r − 1)-simplex in Rkr, then there is an almost r-embedding
of the (kr + 2)(r − 1)-simplex in Rkr+1.
Before we proceed, we first show how to derive counterexamples to the topological Tverberg
conjecture from these results:
Proof of Theorem 1.1. It is well-known that the general case d ≥ 2r+1 follows from the ‘bound-
ary’ case d = 2r + 1 [Lo01, Proposition 2.5], [Sk16, Lemma 3.1]. To prove the boundary case,
suppose r is not a prime power and let k = 2. By Theorem 1.3 (a), there is an almost r-embedding
of the 2(r − 1)-skeleton of the (2r + 2)(r − 1)-simplex in Rkr. Thus, by Lemma 1.4, there exists
an almost r-embedding of the (2r + 2)(r − 1)-simplex in Rkr+1.
The proof of Theorem 1.3 is based on Theorem 1.5 below, which is an extension of a general
algebraic criterion for the existence of almost r-embeddings in codimension ≥ 3 [MW14, MW]
to codimension 2.
Assume that dimK = k(r − 1) for some k ≥ 1, r ≥ 2, and that f : K → Rkr is a PL
map in general position. Then preimages y1, . . . , yr ∈ K of any r-fold point y ∈ Rkr (i.e., of
a point having r preimages) lie in the interiors of k(r − 1)-dimensional simplices of K. Choose
arbitrarily an orientation for each of the k(r − 1)-simplices. By general position, f is affine on
a neighborhood Uj of yj for each j = 1, . . . , r. Take a positive basis of k vectors in the oriented
normal space to oriented fUj . The r-intersection sign of y is the sign ±1 of the basis in Rkr
formed by r such k-bases.1 The algebraic r-intersection number f(σ1)· . . . · f(σr) ∈ Z is defined
as the sum of the r-intersection signs of all r-fold points y ∈ fσ1 ∩ . . . ∩ fσr. We call a PL map
f in general position a Z-almost r-embedding if fσ1· . . . · fσr = 0 whenever σ1, . . . , σr are
pairwise disjoint simplices of K. The sign of the algebraic r-intersection number depends on an
arbitrary choice of orientations for each σi, but the condition fσ1· . . . · fσr = 0 does not.
1This is classical for r = 2 [BE82] and is analogous for r ≥ 3, cf. [MW, § 2.2].
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Theorem 1.5. If k ≥ 2, k + r ≥ 5 and a finite k(r − 1)-dimensional simplicial complex is
Z-almost r-embeddable in Rkr, then it is almost r-embeddable in Rkr.
The case r = 2 is a classical result of van Kampen, Shapiro and Wu [Sk08, Lemma 4.2]. For
k ≥ 3 Theorem 1.5 is the main result of [MW]. In the present paper, we generalize this to k ≥ 2.
The proof of Theorem 1.5 for k ≥ 3 in [MW] is based on a higher multiplicity generalization
[MW, Theorem 17] of the classical Whitney trick [Wh44] (see, e.g., [RS72, Whitney Lemma 5.12]
for a proof of the Whitney trick in the piecewise-linear setting). Our proof of Theorem 1.5 for
k ≥ 2 is based on a further generalization of the higher-multiplicity Whitney trick that works for
k ≥ 2, namely, the Local and Global Disjunction Theorems 1.9 and 1.11 that we will formulate
in the next subsection (§1.2). Some readers may consider the resulting proof for k ≥ 2 simpler
than the proof for k ≥ 3 in [MW]. See also Remarks 1.12 and 2.3 below for further discussion of
the proof ideas and related work.
The analogue of Theorem 1.5 for r = 2 and k = 1 is a classical result of graph theory (the
Hanani-Tutte Theorem [Ha34, Tu70]). This analogue holds in a stronger form: a mod2-analogue
of Z-almost 2-embeddability in R2 implies planarity. For r = 2 and k ≥ 3 see Remark 3.1.b.
The following Theorem 1.6 shows that the analogue of Theorem 1.5 fails for k = r = 2.
Freedman, Krushkal, and Teichner [FKT] proved that there is a 2-complex that admits a Z-almost
2-embedding in R4, but not an embedding in R4. (This implies that the Van Kampen obstruction
to embeddability, whose definition we recall before Proposition 1.7 below, is incomplete for 2-
complexes in R4.) Here, we strengthen their result and show that their 2-complex does not even
admit an almost 2-embedding in R4.
Theorem 1.6. There exists a finite 2-dimensional complex that admits a Z-almost 2-embedding
in R4 but does not admit an almost 2-embedding in R4.
Theorem 1.6 is deduced from the Singular Borromean Rings Lemma 2.4 below in §2.2. This
deduction is essentially known [FKT], [Sk08, §7].
To conclude this subsection, we state a reformulation of Z-almost r-embeddability in Rkr,
which allows one to deduce Theorem 1.3 from Theorem 1.5.
Let the simplicial r-fold deleted product K×r∆ of K be
K×r∆ :=
⋃
{σ1 × · · · × σr | σi a simplex of K,σi ∩ σj = ∅ for all i 6= j},
on which the symmetric group Sr acts by permuting the factors.
The group Sr acts on the set of real d × r-matrices by permuting the columns. Denote by
S
d(r−1)−1
Sr
the set of such matrices with sum in each row equal to zero, and the sum of squares of
the matrix elements equal to 1. This set is homeomorphic to the sphere of dimension d(r−1)−1.
This set is invariant under the action of Sr.
For any general position PL map f : K → Rkr, the generalized van Kampen obstruction
(which is an element of the equivariant cohomology group H
kr(r−1)
Sr
(K×r∆ ;ZT )) is represented by
the intersection cocycle that assigns to each kr(r − 1)-cell σ1 × . . . × σr of K×r∆ the algebraic
intersection number fσ1· . . . · fσr; see [MW, §4] for details. The triviality of the obstruction
means that the intersection cocycle is null-cohomologous.
Proposition 1.7. [MW] Let K be a finite k(r − 1)-dimensional simplicial complex. For k ≥ 1
the following conditions are equivalent:
(1) K is Z-almost r-embeddable in Rkr.
(2) The generalized van Kampen obstruction to Z-almost r-embeddability of K in Rkr is zero.
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(3) There exists a Sr-equivariant map K
×r
∆ → Skr(r−1)−1Sr .
Proof. The implication (1) ⇒ (2) is trivial. The implication (2) ⇒ (1) is [MW, Corollary 44].
The equivalence (2)⇔ (3) is proved using equivariant obstruction theory, see [MW, Theorem 40],
[Sk16, Proposition 3.6].
Proposition 1.8. [O¨z, MW] Let K be a finite k(r − 1)-dimensional simplicial complex. If r is
not a prime power, then every k(r − 1)-complex admits a Z-almost r-embedding in Rkr.
Proof. Since dimK = k(r − 1) we have dimK×r∆ ≤ kr(r − 1). Now the proposition follows from
the implication (3)⇒ (1) of Proposition 1.7, and the following result due to O¨zaydin [O¨z] [Sk16,
the O¨zaydin’ Theorem 3.5]: If r is not a prime power and dimK×r∆ ≤ d(r − 1), then there is a
Sr-equivariant map K
×r
∆ → Sd(r−1)−1Sr .
Proof of Theorem 1.3. Part (a) follows from Theorem 1.5 together with Proposition 1.8.
Part (b) follows because by Theorem 1.5 (together with its trivial converse) for each k ≥ 2,
k+r ≥ 5, almost r-embeddability of a k(r−1)-complex K in Rkr is equivalent to each property of
Proposition 1.7. Of these, Property (2) is decidable in polynomial time, see [MW, p. 32, Proof of
Corollary 9] (this is based on algorithms for solving system of linear equations over the integers
[St96]).
Although we drew much inspiration from [MW, Sk00] (and so from other papers which
inspired us earlier), this paper is written in a way that, apart from Propositions 1.7 and 1.8 and
some minor definitions and propositions from [MW], is formally independent of [MW, Sk00]
1.2 Ideas of the proof of Theorem 1.5: Disjunction Theorems
We first formulate the simpler Local Disjunction Theorem, which we consider interesting in itself
and which illuminates in simple terms ‘the core’ of the proof of Theorem 1.5.
Let Bd := [0, 1]d denote the standard PL ball and Sd−1 = ∂Bd the standard PL sphere. We
need to speak about PL balls of different dimensions and we will use the word ‘disk’ for lower-
dimensional objects and ‘ball’ for higher-dimensional ones in order to clarify the distinction (even
though, formally, the disk Dd is the same as the ball Bd). We denote by ∂M , respectively M˚ ,
the boundary, respectively the interior, of a manifold M . A map f : M → Bd from a manifold
with boundary to a ball is called proper, if f−1Sd−1 = ∂M . In this paper we work in the PL
category, in particular, all disks, balls and maps are PL.
Denote by
D = D1 unionsq . . . unionsqDr
the disjoint union of r disks of dimension k(r − 1).
Theorem 1.9 (Local Disjunction). If k ≥ 2 and f : D → Bkr is a proper general position
PL map such that fD1· . . . · fDr = 0 ∈ Z, then there is a proper general position PL map
f ′ : D → Bkr such that f ′ = f on ∂D and f ′D1 ∩ . . . ∩ f ′Dr = ∅.
The condition fD1· . . . · fDr = 0 can be called algebraic triviality, and the condition
fD1 ∩ . . . ∩ fDr = ∅ can be called geometric triviality.
The case r = 2 of Theorem 1.9 is known, see Remark 3.1.c. The case k ≥ 3 is essentially
proved in [MW, Theorem 17] (in fact, the case k ≥ 3 of Theorem 1.9 is the only part of quite
technical [MW, Theorem 17] required to prove Theorem 1.5 for k ≥ 3). The case r ≥ 3, k = 2 is
a result of this paper.
Theorem 1.9 for r ≥ 3 follows from the Global Disjunction Theorem 1.11.(a)-(b) below.
The analogue of Theorem 1.9 for k = 1 clearly holds when r = 2 and fails for each r ≥ 3:
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Theorem 1.10. For each r ≥ 3 take k = 1 in the definition of D. Then there is a proper
general position PL map f : D → Br such that fD1· . . . · fDr = 0 but there is no proper general
position PL map f ′ : D → Br such that f ′ = f on ∂D and f ′D1 ∩ . . . ∩ f ′Dr = ∅.
n1 p1 p2 n2
S1
S1
S1
Figure 1: The boundary of an example corresponding to Theorem 1.10 for r = 3.
As an example corresponding to Theorem 1.10 one can take an extension of the map f |∂D
constructed in the proof of Lemma 2.6 below. For r = 3 see Figure 1; this construction might
be known. For r = 3 Theorem 1.10 could be reproved using Figure 1 and [Me03].
The Local Disjunction Theorem 1.9 can be globalized, i.e. generalized to other connected
orientable manifolds instead of disks and balls, including closed manifolds in Rd rather than
proper manifolds in Bd. For k ≥ 3 see [MW, Theorem 17], for k = r = 2 see [ST12] and
references therein. Let us state a polyhedral global version required to prove Theorem 1.5. (For
ornamental global versions see §1.3.)
We call a point y ∈ Rd a global r-fold point of a map f : K → Rd if y has r preimages
lying in pairwise disjoint simplices of K, i.e., y ∈ fσ1 ∩ . . . ∩ fσr and σi ∩ σj = ∅ for i 6= j.
(Thus, f is an almost r-embedding if and only if it has no global r-fold points.)
Assertion (Dk,r). Let
• K be a finite k(r − 1)-dimensional simplicial complex,
• f : K → Bkr a general position PL map,
• σ1, . . . , σr pairwise disjoint simplices of K,
• x, y ∈ fσ1 ∩ . . . ∩ fσr ⊂ B˚kr two global r-fold points of opposite r-intersections signs.
Then there is a general position PL map f ′ : K → Bkr such that f = f ′ on K − (˚σ1 unionsq · · · unionsq σ˚r),
and f ′ has the same global r-fold points with the same signs as f except that x, y are not global
r-fold points of f ′.
This can be informally described as ‘cancelation of a pair of global r-fold points of opposite
sign’. The Local Disjunction Theorem 1.9 is such a cancelation in a restricted local situation. So
these are partial analogues of the Whitney trick, but we prefer a self-descriptive name.
Assertion (D1,2) is a version of ‘redrawing of a graph in the plane’ [Sc13, §4]. It would be
interesting to know if it is true.
Theorem 1.5 (Z-almost r-embeddability implies almost r-embeddability), as well as Theo-
rem 1.13 below (classification of ornaments) follow from the following Global Disjunction Theo-
rems 1.11.(a)-(b).
Theorem 1.11 (Global Disjunction). (a) [MW] Assertion (Dk,r) is true for each k ≥ 3 and
r ≥ 2.
(b) Assertion (D2,r) is true for each r ≥ 3.
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(c) Assertion (D2,2) is false.
(d) Assertion (D1,r) is false for each r ≥ 3.
Proof of Theorem 1.5 assuming the Global Disjunction Theorems 1.11.(a)-(b). Let f : K → Rkr
be a Z-almost r-embedding. Take pairwise disjoint simplices σ1, . . . , σr of K with fσ1∩. . .∩fσr 6=
∅. Since f is a Z-almost r-embedding, fσ1 ∩ . . . ∩ fσr consists of pairs of global r-fold points of
opposite sign. By assertion (Dk,r), we eliminate these pairs one by one, without introducing any
new global r-fold points in the process. By repeating this for every r-tuple of pairwise disjoint
simplices, we obtain an almost r-embedding K → Rkr.
The Global Disjunction Theorems 1.11.(a)-(b) are proved in §2.1. The Global Disjunction
Theorem 1.11.c follows because assertion (D2,2) implies the negation of Theorem 1.6 analogously
to the above proof. The Global Disjunction Theorem 1.11.d follows because assertion (D1,r)
implies the negation of Theorem 1.10 analogously to the above proof.
Remark 1.12. It is well-known that the Whitney trick works in codimension ≥ 3 and fails in
codimension 2 [KM61] without an assumption of simple connectivity [RS72, Whitney Lemma 5.12.2
and p. 72, the first condition (2)], which is not satisfied in our applications.
Usually it is non-trivial to make ‘Whitney-trick-arguments’ work for codimension 2; a famous
example is Freedman’s proof of the Poincare´ conjecture in dimension 4 [Ki89, Chapter 13].
The non-triviality of Theorem 1.5 for k = 2 is also seen from Theorem 1.6 (which shows that
the analogous result for r = 2 is false) and from Theorems 1.9 and 1.13.a (which show that
the analogous result for ornaments is true even for r = 2). In other words, the codimension
2 situation is sufficiently delicate to provide different results for different r and for different
conditions on r-fold intersections.
A crucial insight for making a version of the Whitney trick work in our context is that, unlike
in the classical case of embeddings, we can permit singularities (as long as they are of multiplicity
less than r). This allows us to make modifications by homotopy as opposed to isotopy, which
gives us more flexibiliy. Together with a restructuring of the arguments, this also leads to a
simpler proof of the codimension 3 result, which is presented here and in [Sk16, §3.5], and which
some readers may wish to read before studying the proof for codimension k ≥ 2 in §2.1. For
further comments on the proof ideas and related work, see also Remark 2.3 below.
1.3 Classification of ornaments and doodles
In this subsection we describe another application of our methods in the topological context of
higher multiplicity linking.
Throughout this subsection S = S1 unionsq . . . unionsq Sr will denote a disjoint union of r copies of Sn
and D = D1 unionsq . . .unionsqDr a disjoint union of r copies of Dn+1; the dimensions of S,D will be clear
from the context.
An r-component n-ornament in Sd is a general position PL map f : S → Sd such that
fS1 ∩ . . . ∩ fSr = ∅.
Let r ≥ 2 and f be an r-component (k(r− 1)− 1)-ornament in Skr−1. Extend f to a general
position PL map g : D → Bkr (the extension is constructed e.g., by ‘coning’ each f |Si to interior
point of Bkr, a distinct cone point for each component). Define the r-linking number of f by
lk f := gD1· . . . · gDr ∈ Z.
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This definition is a natural generalization of the classical linking number (obtained for r = 2),
and µ-invariant of [FT77] (obtained for r = 3 and k = 1).2 Analogously to the case r = 2 one
can check that lk f is well-defined, i.e., is independent of the choices of the extension g.3
Clearly, if an r-component (k(r−1)−1)-ornament in Skr−1 bounds a map g : D → Bkr such
that gD1 ∩ . . . ∩ gDr = ∅, then the ornament has zero r-linking number. The converse is true
for every k ≥ 2, which is a generalization of the Local Disjunction Theorem 1.9 and a particular
case of Theorem 1.13.a below. For k = 1, the converse clearly holds when r = 2 and fails for
each r ≥ 3 by Theorem 1.10.
Denote I := [0, 1]. An ornament concordance is a map F : S × I → Sd × I such that
F (·, t) ⊂ Sd × {t} for each t = 0, 1, and F (S1 × I) ∩ F (S2 × I) ∩ . . . ∩ F (Sr × I) = ∅.
Analogously to the case r = 2 [ST80, §77] lk f is invariant under ornament concordance.
An ornament is called a doodle if its restriction to each connected component is an embed-
ding. Likewise, a doodle concordance is an ornament concordance such that its restriction to
each connected component is an embedding.
An ornament [doodle] is called trivial if it is concordant to an ornament [doodle] whose
components lie in pairwise disjoint balls. For (r − 1)d > rn + 1 (⇔ (r − 1)(d + 1) > r(n + 1))
any r-component n-ornament in Sd is trivial by general position.
Theorem 1.13. The r-linking number defines a 1-1 correspondence between Z and the set of
(a) ornament concordance classes of r-component (k(r − 1) − 1)-ornaments (or doodles) in
Skr−1 for each r, k ≥ 2.
(b) doodle concordance classes of r-component (k(r − 1)− 1)-doodles in Skr−1 for each r ≥ 2,
k ≥ 3.
Theorem 1.13 for r = 2 is well-known. The case k ≥ 3 = r of Theorem 1.13.a is due to
Melikhov [Me17, p. 7]. For k ≥ 3 and each r, Theorem 1.13 can be derived from [MW, Theorem
17], for Part (b) using Remark 2.3.b. Theorem 1.13.a for r ≥ 3, k = 2 is a result of this paper.
Our proof (§2.3) works for any r, k ≥ 2.
The analogue of Theorem 1.13.a for k = 1 and r = 2 is clearly true, for k = 1 and each r ≥ 3
it is false by Theorem 1.10. See Remark 3.2 below for further comments on ornaments.
The Local Disjunction Theorem 1.9 is a particular case of the following ‘ornamental’ analogue
of Theorem 1.5. The existence of an ornament is trivial, so we state a non-trivial relative version.
Theorem 1.14. Assume that k, r ≥ 2,
• K = K1 unionsq . . . unionsqKr is a finite simplicial (k − 1)r-complex,
• f : K → Bkr is a general position map,
• L := f−1Skr−1 ⊂ K is a subcomplex and f |L is an r-component ornament in Skr−1,
2It is also similar in spirit, but different from, the Massey-Milnor triple linking number [Po80], [Sk, §4.5
‘Massey-Milnor number modulo 2’], which distinguishes Borromean rings from the standard link. The 3-linking
number of Borromean rings is not defined, because they do not form an r-component (k(r − 1)− 1)-dimensional
ornament in Skr−1 for any k, r. For the relation see [FT77, Theorem 3].
3By induction, it suffices to prove this for two extensions g and g′ that agree on all but one disk, say g|Di =
g′|Di for every i < r. Then gDr ∪ (−g′Dr) carries an integer cycle in Bkr. This cycle is the boundary of
some integral (k(r − 1) + 1)-dimensional chain C in Bkr with C ∩ Skr−1 = fSr. Since fSr−1 = −∂gDr−1 ⊂
Skr−1, gDi ∩ Skr−1 = fSi, and f is an ornament, by [MW, Definition 29 and Lemma 28] it follows that
gD1· . . . · gDr − g′D1· . . . · g′Dr = gD1· gDr−2· fSr−1·C = 0.
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• fσ1· . . . · fσr = 0 ∈ Z whenever σ1 ⊂ K1, . . . , σr ⊂ Kr are (k − 1)r-simplices of K.
Then there is an r-component ornament f ′ : K → Bkr such that f ′ = f on L.
For r = 2 this is known [Sk00]. For r ≥ 3 this follows from the Global Disjunction Theorems
1.11.(a)-(b) analogously to the above proof of the injectivity in Theorem 1.13.a. A proof which
works for any k, r ≥ 2 could perhaps be given by stating and proving the ornamental version of
the Global Disjunction Theorems 1.11.(a)-(b) (which works even for k = r = 2). It is interesting
to compare the case k = r = 2 of Theorem 1.14 to the Global Disjunction Theorems 1.11.(c).
2 Proofs
2.1 Proof of the Global Disjunction Theorems 1.11.(a)-(b)
Informally speaking, the first step in the proof of the Global Disjunction Theorems 1.11.(a)-(b)
is to make the (r − 1)-intersection fσ1 ∩ . . . ∩ fσr−1 connected. See the following Lemmas 2.1
and 2.2.
Throughout this section, let us fix orientations on balls Bd and disks Dm.
Lemma 2.1 (Surgery of Intersection). Assume that d − 2 ≥ p, q and that f : Dp → Bd, g :
Dq → Bd are proper embeddings in general position such that fDp∩gDq is a proper submanifold
(possibly disconnected) of Bd containing points x, y.
(a) If p + q > d then there is a proper general position map f ′ : Dp → Bd with the following
properties:
• f ′ = f on ∂Dp and on a neighborhood of {f−1x, f−1y};
• x, y lie in the interior of an embedded (p+ q − d)-disk contained in f ′Dp ∩ gDq.
(b) If p+ q = d ≥ q + 3, {x, y} = fDp ∩ gDq and x, y have opposite 2-intersection sign, then
there is a general position map f ′ : Dp → Bd such that f ′ = f on ∂Dp and f ′Dp∩gDq = ∅.
This lemma is known for d − 3 ≥ p, q (then Part (b) is the classical Whitney trick, and for
Part (a) see Remark 2.3.a), and Part (b) is known also for q = 2 [Sp90, Lemma 2.4]. Passage to
d−2 ≥ p, q in (a), or to d−2 = p in (b), requires losing the injectivity properties of f, g. Part (b)
d − 2 = p ≥ 3 is proved by seeing that f |∂Dp is null-homotopic in Bd − gDq (an analogue for
d− 2 = p = 2 is discussed in Remark 3.1.c).
In what follows, we first use the Surgery of Intersection Lemma 2.1 to prove the following
Lemma 2.2 and the Global Disjunction Theorem 1.11.(a)-(b). The proof of the Surgery of
Intersection Lemma 2.1 is then given at the end of this subsection.
In the rest of this section, we abbreviate Bkr to B.
Lemma 2.2. Assume that k, r ≥ 2,
• K is a finite k(r − 1)-dimensional simplicial complex,
• f : K → B a general position PL map,
• σ1, . . . , σr are pairwise disjoint simplices of K,
• x, y ∈ fσ1 ∩ . . . ∩ fσr ⊂ B˚ are two global r-fold points of opposite r-intersections signs.
Then for each n = 1, . . . , r − 1 there is a general position PL map f ′ : K → B such that
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• f = f ′ on K − (˚σ1 unionsq · · · unionsq σ˚r),
• x, y lie in the interior of an embedded k(r − n)-disk contained in f ′σ1 ∩ . . . ∩ f ′σn, and
• f ′ has the same global r-fold points with the same signs as f .
Proof. The proof is by induction on n. The base n = 1 follows by setting f ′ = f . The required
disk is then a small regular neighborhood in fσ1 of a path in fσ1 joining x to y and avoiding
the self-intersection set {x ∈ K : |f−1fx| ≥ 2} of f .
In order to prove the inductive step assume that n ≥ 2 and the points x, y lie in the interior
of an embedded k(r − n+ 1)-disk σ− ⊂ fσ1 ∩ . . . ∩ fσn−1. By general position
dim(σ− ∩ fσn) ≤ k(r − n+ 1) + k(r − 1)− kr = k(r − n).
Since f -preimages of x lie in the interiors of σ1, . . . , σr, the intersections of fσi and small regular
neighborhoods of x, y in B equal to the intersections of affine spaces and the neighborhoods.
Hence the regular neighborhoods of x, y in σ− ∩ fσn are k(r − n)-balls.
Take points x′, y′ in such balls. Take general position paths λ+ ⊂ fσ˚n and λ− ⊂ σ−
joining x′ to y′. By general position dimension of the self-intersection set of f does not exceed
2k(r − 1)− kr < k(r − 1)− 1. So the union λ+ ∪ λ− is an embedded circle in B˚. Since k, r ≥ 2,
we have kr ≥ 4. Hence by general position this circle bounds an embedded 2-disk δ ⊂ B˚. Since
k ≥ 2, we have k(r − 1) + 2 ≤ kr. Hence by general position
δ ∩ fK = λ+ ∪ λ− unionsq {fp1, . . . , fps}
for some points p1, . . . , ps ∈ K outside the self-intersection set of f and the (k(r−1)−1)-skeleton
of K, and s = 0 for k ≥ 3.
Let Oδ be a small regular neighborhood of δ in B˚. Then Oδ is a kr-ball and f−1Oδ is the
union of
• a regular neighborhood Dn ∼= Dk(r−1) of the arc f |−1σnλ+ in σn;
• regular neighborhoods Di ∼= Dk(r−1) of the arcs f |−1σi λ− in σi for each i = 1, . . . , n− 1;
• pairwise disjoint k(r−1)-disks that are regular neighborhoods of pj in the k(r−1)-simplices
ofK containing them, for each j = 1, . . . , s; these disks are disjoint from the self-intersection
set of f , and their f -images are disjoint from fD1 ∪ . . . ∪ fDn.
Then f |Di : Di → Oδ is proper for each i = 1, . . . , n, and σ− ∩ Oδ is a proper k(r − n + 1)-
ball in Oδ. Since the regular neighborhoods of x, y in σ− ∩ fσn are k(r − n)-balls, the set
σ− ∩ Oδ ∩ fDn is a proper k(r − n)-submanifold of Oδ. Hence we can apply the Surgery of
Intersection Lemma 2.1.a to fDn and σ− ∩ Oδ in Oδ. For the obtained map f ′ : Dn → Oδ
the points x, y ∈ f ′σ1 ∩ . . . ∩ f ′σr ⊂ B˚ are two global r-fold points of opposite r-intersections
signs, lying in the interior of an embedded k(r − n)-disk contained in σ− ∩ f ′Dn. Extend f ′ by
f outside Dn.
Clearly, the first two bullet points in the conclusion of Lemma 2.2 are fulfilled. All the global
r-fold points of f lie outside Oδ, and f = f ′ outside Oδ. Therefore all the global r-fold points
of f are also global r-fold points of f ′, and they have the same sign. It remains to check that
f ′ does not have new global r-fold points inside Oδ. In Oδ the map f ′ can have global points
of multiplicity at most n in f ′Dn ∩ fD1 ∩ . . . ∩ fDn−1, or of multiplicity 2 in the intersection
of f ′Dn with the f -image of a small neighborhood of some pj . Since r > n ≥ 2, none of these
global points are r-fold.
Thus the map f ′ is as required.
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Proof of the Global Disjunction Theorems 1.11.(a)-(b). By Lemma 2.2 for n = r − 1 we may
assume that the points x, y lie in the interior of an embedded k-disk σ− ⊂ fσ1 ∩ . . . ∩ fσr−1.
Choose orientations of σ1, . . . , σr−1. These orientations define an orientation on σ− (this is
analogous to the definition of the r-intersection sign given before Theorem 1.5, cf. [MW, §2.2]
for a longer formal exposition). Since x, y ∈ fσ1 ∩ . . . ∩ fσr have opposite r-intersections signs,
x, y ∈ σ− ∩ fσr have opposite 2-intersections signs [MW, Lemma 27.cd].
Analogously to the proof of Lemma 2.2 (except that we start from x, y not from x′, y′) we
construct a kr-ball Oδ ⊂ B˚ and k(r − 1)-disks Di ⊂ σ˚i for i = 1, . . . , r, such that x, y ∈ Oδ are
the only global r-fold points in Oδ and f |Di : Di → Oδ is proper.
Since either r ≥ 3 or k ≥ 3, we have kr ≥ dimσ− + 3. So we can apply the Surgery of
Intersection Lemma 2.1.b to fDr and σ− ∩ Oδ in Oδ. For the obtained map f ′ : Dr → Oδ we
have σ− ∩ f ′Dr = ∅. Extend f ′ by f outside Dr.
Clearly, f = f ′ on K − (˚σ1 unionsq . . .unionsq σ˚r). Since f = f ′ outside of Dr, all the global r-fold points
of f except x, y are also global r-fold points of f ′, and they have the same sign. It remains to
check that f ′Dr contains no global r-fold points of f ′. Recall the description of f−1Oδ from the
bullet points in the proof of Lemma 2.2.
If r = 2, then k ≥ 3, so s = 0. Also Oδ ∩ σ− = f(D1) = f ′(D1). So f ′(K) ∩ Oδ =
f ′(D1) unionsq f ′(D2) = (Oδ ∩ σ−) unionsq f ′(D2), where the union is disjoint by the construction of f ′.
Therefore f ′D2 = f ′Dr contains no global 2-fold points of f ′.
If r > 2, then f ′|K\Dr has no (r − 1)-fold point in Oδ except for σ− ∩ Oδ. By construction
σ− ∩ f ′Dr = ∅, so again f ′Dr contains no global r-fold points of f ′.
Proof of the Surgery of Intersection Lemma 2.1.a. To simplify notation, let us write
Q := gDq and M := fDp ∩Q
throughout this proof. Furthermore, let m := dimM = p+ q− d. Note that the assumptions on
the dimensions p, q, d imply that m+ 2 ≤ p, q and d ≥ 5.
The chosen orientations of Bd, Dp, and Dq define an orientation on M (this is analogous to
the definition of the r-intersection sign given before Theorem 1.5, cf. [MW, §2.2] for a longer
formal exposition).
Let us first assume that x and y lie in different connected components of M . We proceed in
two steps to reduce this case to the case where x and y lie in the same connected component of
the intersection; it will then be easy to deal with the latter situation.
Step 1. Ambient 1-surgery. (“piping”.) Pick two generic points a, b ∈ M such that a lies in
the same connected component of M as x, and b lies in the same connected component of M as
y. Pick a general position path ` ⊂ Q connecting a and b.
Figure 2: Piping
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By general position, ` is disjoint (and hence at a positive distance from) the set of points at
which Q is not locally flat in Bd (see [RS72, p. 50] for the definition of local flatness); this follows
because the set of non-locally flatness points of the codimension ≥ 2 submanifold Q ⊂ Bd has
codimension ≥ 2 in Q.4
We now perform ambient 1-surgery on M in Q as described in [RS72, pp. 67-68] (where
this procedure is called “piping”) to obtain connected manifold M+; more precisely, take an
embedding L : I ×Dm → Q that satisfies the following properties (where we use m ≤ q − 2 for
the second property):
• L(I × 0) = `,
• M ∩ L(I ×Dm) = L({0, 1} ×Dm) is a regular neighborhood of {a, b} in M ,
• the orientation of M on this neighborhood is compatible with the ‘boundary’ orientation
of L({0, 1} ×Dp), and
• L(I ×Dm) is disjoint from x, y and from any non-locally flatness points of Q in Bd.
We define
M+ :=
(
M \ L({0, 1} × D˚m)) ∪ L(I × ∂Dm).
By construction, x and y lie in the same component of M+, and M+ is orientable. We give M+
the orientation induced by that of M .
By general position fDp and Q are transverse at {a, b}. Since ` does not contain non-locally
flatness points of Q in Bd, the submanifold Q is locally flat in Bd in a neighborhood of `. Hence,
we can extend L to an embedding L : I ×Dp → Bd such that
• Q ∩ L(I ×Dp) = L(I ×Dm),
• fDp ∩ L(I ×Dp) = L({0, 1} ×Dp) is a regular neighborhood of {a, b} in fDp, and
• the orientation of fDp on this neighborhood is compatible with the ‘boundary’ orientation
of f |−1Dp(L({0, 1} ×Dp)).
Denote by (S1 × Sp−1)0 the manifold S1 × Sp−1 with an open p-disk removed. Let
h : (S1 × Sp−1)0 → B
be the proper embedding obtained by adding the embedded 1-handle L(I × ∂Dp) to fDp; thus,
imh =
(
fDp \ L({0, 1} × D˚p)) ∪ L(I × ∂Dp).
By construction, the intersection imh ∩Q = M+ is connected. (Note that h is an embedding of
(S1 × Sp−1)0, not of Dp; this will be repaired in the next step.)
Step 2. Ambient 2-surgery. (“unpiping”). We now perform ambient 2-surgery on imh in
Q to obtain a proper embedding f ′ : Dp → B such that imh ∩ Q = M+ ⊆ f ′Dp ∩ Q (this is
analogous to [MW, Lemma 38], where the corresponding operation is called “unpiping”).
Pick a point ∗ ∈ Sp−1 in general position with respect to h, and a general position embedded
2-disk δ ⊂ Bd such that ∂δ = h(S1 × ∗). By general position, ∂δ is disjoint from Q, and δ
intersects Q in a finite set (empty if q ≤ d− 3) of points disjoint from imh.
4Let us prove the latter statement. Take a triangulation of Bd such that Q is a subcomplex of this triangulation.
For each point c ∈ Q the pair (lkBd c, lkQ c) is a codimension ≥ 2 pair of spheres. If c is outside the codimension
2 skeleton of this subcomplex, then dim lkQ c ∈ {−1, 0}. Hence the pair (lkBd c, lkQ c) is unknotted. Thus, Q is
locally flat in Bd at c.
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Figure 3: Unpiping
Denote by Oδ a small regular neighborhood of δ in B. Take a small regular neighborhood
U ∼= Dp−1 of ∗ in Sp−1. We may assume that h(S1 × U) ⊂ Oδ. Since Oδ ∼= Bd, the restriction
S1 × ∂U → Oδ of h extends to a map j : D2 × ∂U → Oδ.
Let
∆ :=
(
(S1 × Sp−1)0 \ (S1 × U˚)
) ∪ (D2 × ∂U) ∼= Dp.
Define
f ′ : ∆→ Bd by f ′(x) :=
{
h(x) if x ∈ N \ (S1 × U˚),
j(x) if x ∈ D2 × ∂U. .
By construction of f ′, f = f ′ on ∂Dp and in a neighborhood of x, y (identifying ∆ with Dp).
Moreover, f ′∆ ∩ Q consists of the manifold imh ∩ Q plus possibly some additional further
components. In particular, x and y lie in the same connected component f ′∆ ∩ Q, and this
component is a manifold of dimension m = p+ q − d.
To complete the proof, take a general position path ` ⊂ f ′∆ ∩Q connecting x and y. Then
a regular neighborhood of ` in f ′∆ ∩Q is then an m-disk that contains x and y.
Proof of the Surgery of Intersection Lemma 2.1.b. Denote X := Bd − gDq. Consider the com-
position
pip−1(X)
h→ Hp−1(X)
∼=→ H0(Dq) ∼= Z
of the Hurewicz homomorphism and the (homological) Alexander duality isomorphism. This
composition carries [f |Sp−1 ] to fDp· gDq. 5 The assumptions of part (b) imply that fDp· gDq =
0. By general position X is (p−2)-connected. Since p ≥ 3, we have p−2 ≥ 1, so by the Hurewicz
theorem h is an isomorphism. Hence the restriction f : Sp−1 → X is null-homotopic. Thus there
is an extension f ′ : Dp → X of the restriction. This is the required map.
Remark 2.3. (a) Lemmas and Lemma 2.2 are generalizations, to (r − 1)-multiplicity and
to codimension 2, of the ‘high-connectivity’ version of the Whitney trick [Ha63], [Ha84,
5This is one of the equivalent definitions of Alexander duality isomorphism, see Alexander Duality Lemmas of
[Sk08’, Sk10]. Another equivalent definition is as follows. Take a small oriented disk Dpg ⊂ Bd whose intersection
with gDq consists of exactly one point of sign +1 and such that ∂Dpg ⊂ X. Then the Alexander duality carries
the generator ∂Dpf of Hp−1(X) to the generator of H0(D
q) defined by the orientation of Dq .
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Lemma 4.2], [HK98, Theorem 4.5 and appendix A], [CRS, Theorem 4.7 and appendix].6
The lemmas are proved by ambient surgery, i.e. by first adding to fσr−1 ‘an embedded
1-handle’ along a path joining x to y in fσ1 ∩ . . . ∩ fσr−1 (which is assumed by induction
to be already connected), and then cancelling ‘an embedded 2-handle’ along the ‘Whitney
disk’, which for codimension ≥ 3 was done in [Ha62, §3] (r = 2), [Me17, proof of Theorem
1.1 in p. 7] (r = 3).
An analogous remark holds for a possible direct proof (which we do not present) of the
Local Disjunction Theorem 1.9 and σ1, . . . , σr−1 replaced by D1, . . . , Dr−1.
For a generalization to the ‘metastable’ version see [MW’, MW16, Sk17], [Sk’].
(b) Applying the Disjunction Theorems in the form presented here may introduce new r-fold
points (albeit no global ones). On the other hand, for k ≥ 3, the higher-multiplicity
Whitney trick in [MW, Theorem 17] does not create any new r-fold points at all. This
difference is immaterial for the study of almost r-embeddings or ornaments (see §1.3), but
it is important in for the study of doodles (see §1.3).
For k ≥ 3, our proof can perhaps be modified to show that in the Local Disjunction
Theorem 1.9, under the additional assumption that f embeds each disk, we may obtain
additionally that the resulting map f ′ embeds each disk, as in [MW, Theorem 17]. Such an
improvement might be obtained by an application of the corresponding (known) ‘injective’
version of the Surgery of Intersection Lemma 2.1.
If k = r = 2, we cannot obtain this (as e.g. disks extending the Whitehead link show). It
would be interesting to know if we can obtain this for k = 2, r ≥ 3.
2.2 The Singular Borromean Rings and proof of Theorem 1.6
We consider the following lemma (required for Theorem 1.6) interesting in itself.
Lemma 2.4 (Singular Borromean Rings). For each n = 2l let T := Sl×Sl be the 2l-dimensional
torus with meridian m := Sl × · and parallel p := · × Sl, and let Snp and Snm be copies of Sn.
Then there is no PL map f : T unionsq Snp unionsq Snm → Rn+l+1 satisfying the following three properties:
(i) the f -images of the components are pairwise disjoint;
(ii) fSnp is linked modulo 2 with fp and is not linked modulo 2 with fm,
7 and
(iii) fSnm is linked modulo 2 with fm and is not linked modulo 2 with fp.
Proof. The proof uses a ‘triple intersection’ homology argument analogous to the classical proof
showing that Borromean rings are linked [Po80], [Sk, §4.5 ‘Massey-Milnor number modulo 2’].
The reader might want to read this proof first for n = 2 and l = 1.
Assume to the contrary that the map f exists. Without loss of generality, we may assume
that f is in general position.
Throughout the proof all the chains and cycles are assumed to have Z2 coefficients, and all
the equalities are congruences modulo 2. Since all the chains below are represented by general
6As the proof shows, [HK98, Theorem 4.5] and [CRS, Theorem 4.7] are correct for s = −1. In those results the
(s+ 1)-connectivity of the self-intersection set ∆˜ for some reason was replaced by the (s+ 1)-connectivity of the
classifying map ∆→ RP∞. In the proof instead of the homotopy triviality of the composition Si → ∆→ RP∞
one can either use the triviality of a line bundle λ∆|Si for i > 1, or the fact that the immersion ∆˜ → Mm is
framed. Note that N(∆˜, Dn) is not defined because ∆˜ 6⊂ Dn.
7See the well-known definition of ‘linked modulo 2’ e.g. in [ST80, §77] or in [Sk, §4.2 ‘Linking modulo 2 of
curves in space’].
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position polyhedra, chains could be identified with their supporting bodies. We denote by ∂ the
boundary of a chain.
We can view f(T ), f(Snp ), and f(S
n
m) as 2l-, n- and n-dimensional PL cycles in general
position in Rn+l+1. Denote by CT , Cp, and Cm singular cones in general position over f(T ),
f(Snp ), and f(S
n
m), respectively. We view these cones as (2l+1)-, (n+1)- and (n+1)-dimensional
PL chains. The contradiction is
0 =
(1)
|∂(CT∩Cp∩Cm)| =
(2)
| ∂CT︸︷︷︸
=f(T )
∩Cp∩Cm|+ |CT∩ ∂Cp︸︷︷︸
=f(Snp )
∩Cm|+ |CT∩Cp∩ ∂Cm︸︷︷︸
=f(Snm)
| =
(3)
1+0+0 = 1.
Here (1) follows because CT ∩Cp∩Cm is a 1-dimensional PL chain, so its boundary is 0. Equation
(2) is Leibniz formula. So it remains to prove (3).
Proof of (3). For X ∈ {T, Snm, Snp } denote fX := f |X .
For the second term we have
|CT ∩ f(Snp ) ∩ Cm|
(∗)
= |(f−1Snp CT ) ∩ (f
−1
Snp
Cm)| (∗∗)= 0, where
(*) holds because (n+ 1) + (2l+ 1) + 2n < 3(n+ l+ 1), so by general position CT ∩Cm avoids
self-intersection points of f(Snp ),
(**) holds by the well-known higher-dimensional analogue of [Sk14, Parity Lemma 3.2.c] (which
is proved analogously) because the intersecting objects are general position cycles in Snp ;
they are cycles because ∂(CT ∩ f(Snp )) = 0 = ∂(Cm ∩ f(Snp )) and n ≤ 2l⇔ (n+ 1) + 2n <
2(n+ l+ 1), so by general position both CT and Cm avoid self-intersection points of f(S
n
p ).
Analogously |CT ∩ Cp ∩ f(Snm)| = 0.
For the first term we have
|f(T ) ∩ Cp ∩ Cm| (∗∗∗)= |(f−1T Cp) ∩ (f−1T Cm)|
(∗∗∗∗)
= m ∩ p = 1, where
(***) holds because n ≥ l⇔ 2(n+ 1) + 4l < 3(n+ l+ 1), so by general position Cp ∩Cm avoids
self-intersection points of f(T ),
(****) is proved as follows:
The l-chain f−1T Cp is a cycle in T because ∂(Cp ∩ f(T )) = 0 and n ≥ 2l ⇔ n + 1 + 4l <
2(n+ l+1), so by general position Cp avoids self-intersection points of f(T ). By conditions
(b) and (c) of Lemma 2.4 we have
|p ∩ f−1T Cp| = |f(p) ∩ Cp| = 1 and |m ∩ f−1T Cp| = |f(m) ∩ Cp| = 0.
I.e. the cycle f−1T Cp intersects the parallel p and the meridian m at 1 and 0 points modulo
2, respectively. Therefore f−1T Cp is homologous to the meridian m. Likewise, f
−1
T Cm is
homologous to the parallel p. This implies (****).
Construction of the 2-complex in Theorem 1.6. We begin by recalling the construction of the 2-
complex K from [FKT]. Let P be the 2-skeleton of the 6-simplex whose vertices are {p1, . . . , p7}.
Let p := ∂[p1, p2, p3] denote the boundary of the 2-simplex [p1, p2, p3]. Denote by P− the comple-
ment in P to (the interior of) the 2-simplex [p1, p2, p3]. The remaining four vertices p4, p5, p6, p7
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span a ‘complementary’ 2-sphere S2p := ∂[p4, p5, p6, p7] ⊂ P that is the boundary of the 3-simplex
[p4, p5, p6, p7] (this 3-simplex itself is not contained in P ).
Let M− denote a copy of P− on a disjoint set of vertices {m1,m2 . . . ,m7}, and let m :=
∂[m1,m2,m3] and S
2
m := ∂[m4,m5,m6,m7].
The 2-complex K then is defined by the formula
K := (P− ∪
p1=m1
M−) ∪
p=S1×·, m=·×S1
T,
where T is the torus S1×S1 with any triangulation for which S1×·, m = ·×S1 are subcomplexes.
Lemma 2.5. [VK, Satz 5] Let g : P → R4 be a PL map in general position of the 2-skeleton
of the 7-simplex. Then the number v(g) of intersection points of f -images of disjoint triangles
(i.e., the total number of global 2-fold points of g) is odd. 8
Proof of Theorem 1.6. Analogously to [FKT, §3.3], K admits a Z-almost 2-embedding in R4.
Suppose to the contrary that there is a PL almost 2-embedding f : K → R4. We may assume
it is in general position. Let us show that f |S2punionsqS2munionsqT satisfies the conditions (a), (b) and (c) of
the Singular Borromean Rings Lemma 2.4 (this is essentially proved in [FKT, Lemma 6]). This
would give a contradiction by Lemma 2.4.
Condition (a) is satisfied because f is an almost 2-embedding and because any simplex in the
triangulation of T is vertex-disjoint from any simplex in S2p and from any simplex in S
2
m.
The complex K contains the cone p4∗p, which is a disk disjoint from S2m. Since f is an almost
2-embedding, f(p4 ∗ p)∩ f(S2m) = ∅. Then f(p) and f(S2m) are unlinked modulo 2. Analogously,
f(m) and f(S2p) are unlinked modulo 2.
Extend f |P− to a general position PL map g : P → R4. Then the sphere f(S2p) = g(S2p) and
the circle f(p) = g(p) are linked modulo 2 because
|g(S2p)∩ g[p1, p2, p3]| =
∑
{i,j,k}⊂{4,5,6,7}
|g[pi, pj , pk]∩ g[p1, p2, p3]|
(1)≡ v(g) (2)= 1 ∈ Z2, where
(1) holds because f |P− is an almost 2-embedding, so f(σ) ∩ f(τ) = ∅ for all ‘other’ pairs σ, τ ;
(2) holds by Lemma 2.5.
Analogously the sphere f(S2p) = g(S
2
p) and the circle f(p) = g(p) are linked modulo 2.
2.3 Proof of Theorems 1.10 and 1.13.a
Proof of Theorem 1.13.a. The case r = k = 2 is known, cf. Remark 3.1.c. We present the proof
for r = 3, the generalization to arbitrary r ≥ 3 or to r = 2 ≤ k − 1 is obvious (because by
the Global Disjunction Theorem 1.11.(a)-(b) assertion (Dk,r) is true for arbitrary k ≥ 2 and
k + r ≥ 5).
We first prove surjectivity, i.e., that for any integer l there is an ornament (actually a doodle)
f such that lk f = l.
The case l = 0 is trivial, we can take any doodle such that the images of its connected
components lie in 3 pairwise disjoint balls.
Consider now the case l = ±1. Identify B3k with Bk × Bk × Bk. Define the Borromean
ornament (doodle) f :
⊔3
i=1 S
2k−1
i → S3k−1 = ∂B3k by
fS2k−11 = ∂(B
k ×Bk × ·), fS2k−12 = ∂(Bk × · ×Bk), and fS2k−13 = ∂(· ×Bk ×Bk).
8The lemma implies that the Van Kampen obstruction of P is nonzero even modulo 2, or equivalently, P does
not admit a ‘Z2-almost 2-embedding’ in R4. For an elementary exposition and an alternative proof see [Sk14].
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Clearly, | lk f | = 1. By composing f with the reflection of one of the spheres S2k−1i we get a new
ornament f ′ such that lk f ′ = − lk f . So {lk f, lk f ′} = {−1, 1}.
Let f0, f1 be two ornaments, their images lying in disjoint balls. Connect each of the connected
components of f0 with the respective connected component of f1 by a thin tube and denote the
obtained doodle by f2. Clearly, lk f2 = lk f0 + lk f1. So the case of general l follows from the
cases l = 0 and l = ±1.
We now prove injectivity. We have to prove that if f0, f1 :
⊔3
i=1 S
2k−1
i → S3k−1 are two
ornaments such that lk f0 = lk f1, then f0 and f1 are ornament concordant.
Take a general position PL map F : (unionsq3i=1S2k−1i )×I → S3k−1×I such that F (·, 0) = f0(·)×0
and F (·, 1) = f1(·)× 1. Since lk f0 = lk f1, the set F (S2k−11 × I) ∩ F (S2k−12 × I) ∩ F (S2k−13 × I)
consists of pairs of 3-fold points of opposite signs. Each such pair can be eliminated by the
Global Disjunction Theorem 1.11.(a)-(b) applied to K =
⊔3
i=1 S
2k−1
i × I.
p1
n1
p2
n2
M ⊂ Br
f1(∂D1) ⊂ ∂Br
Br
λx
λy
Sr−4
Dr−3
Rr−3
R2
Sr−21 S
r−2
2
Figure 4: (a) To Lemma 2.6. (b) To the proof of Lemma 2.6.
Lemma 2.6. For each r ≥ 3 there is a proper general position PL map f : ∂D1unionsqD2unionsq . . .unionsqDr →
Br, where Dj is a copy of (r − 1)-disk, such that
1. M := fD2 ∩ . . .∩ fDr is a proper oriented submanifold of Br and ∂M = {p1, p2, n1, n2} ⊂
∂Br, where the points p1, p2 have positive sign and the points n1, n2 have negative sign (the
signs are defined as the signs of intersection points of r − 1 oriented (r − 2)-dimensional
spheres in Sr−1),
2. for any generic oriented path λ in Br from pj to ni and any proper extension g : D1unionsqD2unionsq
. . . unionsqDr → Br of f we have gD1·λ = (−1)j.
Proof. It is easy to define the map f on D2 unionsq . . . unionsqDr so that the property (1) is satisfied. Let
us now define f on ∂D1.
Identify Sr−1 = ∂Br with S2 ∗Sr−4, and Sr−2 = ∂D1 with S1 ∗Sr−4. (This works for r = 3,
when Sr−4 = ∅.) Without the loss of generality we may assume that {p1, p2, n1, n2} ⊂ S2 ∗ ∅ ⊂
Sr−1. Let 8 : S1 → S2 be a map whose image is figure “8” winding 1 time around p1, −1 time
around p2, and 0 times around n1 and n2, i.e. lk(8, ni) = 0 and lk(8, pj) = (−1)j+1. Now define
f |∂D1 : ∂D1 → Sr−1 by f := 8 ∗ idSr−4 (see Figure 4.b).
17
Let us prove that f satisfies (2). Let pi be a generic oriented path in S2 = S2 ∗∅ ⊂ Sr−1 from
pj to ni. Then
gD1·λ = gD1· (λ∪−pi) + gD1·pi = 0 + f∂D1·pi = 8·pi = lk(8, ni− pj) = 0− (−1)j+1 = (−1)j .
Proof of Theorem 1.10. Let us prove that for each map f given by Lemma 2.6 the ornament
f |∂D is as required. Extend f to D1 properly and generically in an arbitrary way (e.g., by coning
over a generic point).
Proof that fD1· . . . · fDr = 0. By the property (1) of Lemma 2.6 (and possibly by exchanging
n1, n2) we may assume without the loss of generality that M consists of generic oriented paths
λj from pj to nj , j = 1, 2, and a union ω of disjoint embedded circles (see Figure 4.a). Then by
the property (2) of Lemma 2.6 we have fD1· . . . · fDr = fD1· (λ1 unionsq λ2 unionsq ω) = −1 + 1 + 0 = 0.
Proof that gD1 ∩ . . . ∩ gDr 6= ∅ for any other proper generic map g : D → Br such that
f = g on ∂D. Since f = g is generic on the boundary, we have that M ′ := gD2 ∩ . . . ∩ gDr
is a relative 1-dimensional integer homology cycle in Br and ∂M ′ = {p1, p2, n1, n2}. Without
the loss of generality (and possibly by exchanging n1, n2), we may assume that M
′ contains an
oriented path λ1 from p1 to n1. By the property (2) of Lemma 2.6, p1 and n1 are in the different
connected components of Br \ gD1. So
∅ 6= gD1 ∩ λ1 ⊂ gD1 ∩M ′ = gD1 ∩ . . . ∩ gDr.
3 Discussion and open problems
Remark 3.1. (a) Analogously to [MW, §5], it can perhaps be shown that the analogue of
Theorem 1.1 holds for d ≥ 2r, by using the results in the present paper (the Global
Disjunction Theorem 1.11 below) to rewrite the proofs of [MW, Thm. 11] with k ≥ 2
instead of k ≥ 3. Since the necessary facts about prismatic maps are not gathered in one
easily citable statement in the current version of [MW, §5] but dispersed throughout the
text, for simplicity of presentation we focus here on the shorter argument for d ≥ 2r + 1.
(b) Theorem 1.5 for r = 2 was a step in the proof of a classical algebraic criterion of van
Kampen, Shapiro and Wu for embeddability of simplicial n-complexes into R2n [VK, Sh57,
Wu65], see survey [Sk08, Theorem 4.1]. Both this criterion and Theorem 1.5 for r = 2
were generalized by Haefliger and Weber who showed that an n-complex K embeds into
Rd iff there is a Z2-equivariant map from the deleted product K×2∆ to Sd−1, provided
d ≥ 3(n + 1)/2 [Ha63, We67], see survey [Sk08, Theorem 8.1 and Proposition 8.4]. The
dimension restriction is related to the existence of n-dimensional Borromean rings in Rd for
d < 3(n+1)/2, i.e. of an embedding SnunionsqSnunionsqSn → Rd whose pairwise linking coefficients
are zeroes but which is not isotopic to the standard embedding. (For the definition of the
linking coefficient for d ≤ 2n, see, e.g., [Sk08, §3].) One might conjecture that the dimension
restriction d ≥ 3(n + 1)/2 can be weakened if one uses the configuration space of r-tuples
of distinct points, and that methods of this paper would allow to prove such a conjecture.
Surprisingly, this is not so, see [Sk08, end of §5], [CS, end of §1]. An explanation is that
the notion of an embedding is more subtle than the notion of almost r-embedding.
On the other hand, for a generalization of Theorem 1.5 to n-complexes in Rd keeping r
arbitrary see [MW’, Theorem 2], [MW16, Theorem 2], [Sk17, Theorems 1.1-1.3], [Sk’].
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(c) The case r = 2, k ≥ 3 of the Local Disjunction Theorem 1.9 is a version of the Whitney
trick; the subcase k = 2 is an exercise on elementary link theory. Here is a well-known
proof for r = k = 2 for the general position case when f |∂D is an embedding. Given a
2-component 1-dimensional link in S3, one can unknot one component in the complement
of the second by crossing changes (or by finger moves, guided along arcs) [PS96, Theorem
3.8]. By the assumption the linking number is zero. The linking number is preserved under
crossing changes. So after crossing changes we obtain a link formed by the unknot and the
component which shrinks in the complement of the unknot. For such link the assertion is
trivial.
The case r = k = 2 of the Local Disjunction Theorem 1.9 can also be proved using Casson’s
finger moves analogously to [Sk00, Proof of Disjunction Lemma 2.1.b], and is clear when
f |D1 is an unknotted embedding.
(d) In [SSS] it is shown that for each (n, d) such that n + 2 ≤ d ≤ 3n2 + 1 there exists a
finite n-dimensional complex K that admits an almost 2-embedding in Rd but that does not
embed into Rd. (This example was used to show, for such n, d, the incompleteness of deleted
product obstruction, which is defined before Proposition 1.7.) For d = 2n = 4 this improves
[FKT] in a different direction than Theorem 1.6: there exists a finite 2-dimensional complex
K that admits an almost 2-embedding in R4 but that does not embed into R4.
Remark 3.2. (a) Assume that (d, n, r) = (2, 1, 3) (hence 2d = 3n+1). In this case, a triviality
criterion for ornaments is given in [Me03]; it would be interesting to know if it is algorithmic
and if it extends to a classification. The r-linking number is not a complete invariant for
doodles, e.g., there is a non-trivial (2, 1, 3)-doodle with zero 3-linking number.9 Thus the
analogue of Theorem 1.13.b for k = 1 and r = 3 is false. (We conjecture that such an
analogue is also false for k = 1 and each r ≥ 4, cf. Theorem 1.10.) See [B] for a study of
ornaments which are PL immersions, up to regular ornament homotopy (they were called
doodles, which is different from terminology of this paper).
(b) There is a concordance version of Theorem 1.14 for p-ornaments in Skr−1, where p :=
k(r − 1)− 1. It involves a complete invariant in Hp(K1;Z)× . . .×Hp(Kr;Z).
(c) An s-component r-multiplicity ornament in Sd is a PL general position map f : K1 unionsq . . .unionsq
Ks → Sd of disjoint union of s simplicial complexes such that the intersection of any r
objects among fK1, . . . , fKs is empty. Although here we only consider the case s = r, our
results have straightforward generalizations to s > r. 2-multiplicity ornaments were widely
studied under the name of link maps, mostly for the case when each Kj is a sphere, see
[Sk00] and references therein.
Remark 3.3. (a) Our proof of the Singular Borromean Rings Lemma 2.4 for n = 2 and l = 1
gives a shorter, elementary proof of the result from [FKT] mentioned before Theorem 1.6.
(b) In [ST17], the Singular Borromean Rings Lemma 2.4 is used to study algorithmic aspects
of almost 2-embeddability of complexes in Rd.
(c) The analogue of the Singular Borromean Rings Lemma 2.4 for n = l + 1 = 1 is true,
although our proof does not work for this case. The analogue of Lemma 2.4 for n = l is
false, but would conjecturally become true if we add an additional condition that f(Snp )
9This is written in [FT77, bottom of p. 39 and fig.4] with a reference to a later paper. It would be interesting
to have a published proof. It might be easier to obtain the proof using the ‘intersection’ language, see §2.2, rather
than ‘commutators’ language [FT77].
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and f(Snm) are unlinked modulo 2. For the corresponding construction of Borromean rings
in R3 see [Sk, §4.4 ‘Borromean rings and commutators’].
(d) Lemma 2.4 for n = 2, l = 1 and embedded torus f(T ) was proved in [KT97, Theorem 1
and the middle paragraph on page 53] (in a much more general form). We are grateful
to S. Krushkal and P. Teichner for explanation of how the proof of [KT97] works for the
case of non-embedded torus, as well as for sketching a short direct proof of Lemma 2.4 for
n = 2, l = 1 involving the Milnor group of the complement. It would be nice if these
arguments were publicly available. It would be interesting to know if these arguments can
be generalized to higher dimensions.
Also, Lemma 2.4 for embedded spheres f(Snp ) and f(S
n
m) was (not stated but) essentially
proved in [FKT, SSS], cf. [Sk, Borromean rings Lemma 4.4.3]. It would be interesting
to know whether the proof of [SSS] extends to the case of non-embedded spheres. The
proof in [FKT] uses the fact that f(S2p) and f(S
2
m) are embedded to deduce by Alexander
duality that H2(R4−f(S2p unionsqS2m)) = 0, and then applies the Stallings Theorem on the lower
central series of groups [FKT, Proof of Lemma 7]. This may fail if f(S2p) and f(S
2
m) are
not embedded.
Comparing our proof with [FKT, KT97] illustrates in a geometric (more precisely, homo-
logical) language the relation between Massey products and commutators, cf. [Po80].
Remark 3.4 (Open problems). (a) Does the analogue of Theorem 1.5 holds for k = 1 and
large enough r? Cf. Theorems 1.10 and 1.11.d.
(b) Is there an example for Theorem 1.10 for which f |∂D is an embedding?
(c) Does the analogue of Theorem 1.13.b hold for k = 2? In Theorem 1.13, can ornament
[doodle] concordance be replaced by ornament [doodle] homotopy? Here, an ornament
[doodle] concordance F is an ornament [doodle] homotopy if it is ‘level preserving’, i.e., if
F (·, t) ⊂ Sm × {t} for each t ∈ I.
(d) Gromov’s problem [Gr10, 2.9.c]. Is it correct that if r is not a prime power, then for
each compact subset K of Rm for some m, having Lebesgue dimension dimK = (r − 1)k,
there is a continuous map X → Rkr each of whose point preimages contains less than r
points?
The analogue of this problem for polyhedra K and almost r-embeddings instead of maps
without r-fold points is true by Theorem 1.3.a. We suspect that the answer is ‘no’. If
K is a finite simplicial complex and one requires the map K → Rkr to be PL instead of
continuous, the question seems to be more complicated.
(e) Let X be a compact subset of Rm for some m. Is it correct that dim(X×X×X) < 6n if and
only if any continuous map X → R3n can be arbitrary close approximated by a continuous
map without triple points? This is interesting for ‘fractal’ 2n-dimensional compacta X, for
which dim(X ×X ×X) < 3 dimX.
(f) Which of the results of [DRS, ST91, RS98, Sk00], [Sk02, Disjunction Theorem 3.1], [Sk08,
Theorems 4.4, 5.4, 5.5, Example 5.9.c] on 2-fold intersections can be generalized to r-fold
intersections?
20
References
[B] D. Bar-Natan, Finite Type Invariants of Doodles, 1,
http://www.math.toronto.edu/~drorbn/Talks/Portfolio/PortfolioPage029.pdf
[BB79] E. G. Bajmo´czy and I. Ba´ra´ny, On a common generalization of Borsuk’s and Radon’s
theorem, Acta Math. Acad. Sci. Hungar. 34 (1979), no. 3, 347-350.
[BBZ] I. Ba´ra´ny, P. V. M. Blagojevic´ and G. M. Ziegler. Tverbergs Theorem at 50: Extensions
and Counterexamples, Notices of the AMS, 63:7 (2016), 732–739.
[BE82] V. Boltyanskiy, V. Efremovich. Intuitive Combinatorial Topology, Springer, 2001
[BFZ14] P. V. M. Blagojevic´, F. Frick, and G. M. Ziegler. Tverberg plus constraints. Bull. Lond.
Math. Soc., 46 (2014), no. 5, 953-967. arXiv:1401.0690.
[BFZ] P. V. M. Blagojevic´, F. Frick, and G. M. Ziegler, Barycenters of Polytope
Skeleta and Counterexamples to the Topological Tverberg Conjecture, via Constraints,
arXiv:1510.07984.
[BS] I. Ba´ra´ny and P. Sobero´n. Tverberg’s theorem is 50 years old: a survey. Preprint,
arXiv:1712.06119.
[BShSz] I. Ba´ra´ny, S. B. Shlosman, and A. Szu˝cs, On a topological generalization of a theorem
of Tverberg, J. London Math. Soc. (II. Ser.) 23 (1981), 158–164.
[BZ16] P. V. M. Blagojevicˇ and G. M. Ziegler, Beyond the Borsuk-Ulam theorem: The topolog-
ical Tverberg story, arXiv:1605.07321
[CRS] M. Cencelj, D. Repovsˇ and M. Skopenkov, Classification of knotted tori in the 2-metastable
dimension, Mat. Sbornik, 203:11 (2012), 1654-1681. arxiv:math/0811.2745.
[CS] D. Crowley and A. Skopenkov, Embeddings of non-simply-connected 4-manifolds in 7-space.
III. Piecewise-linear classification.
[DRS] A. N. Draniˇsnikov, D. Repovsˇ and E. V. Sˇcˇepin, On intersection of compacta of comple-
mentary dimension in Euclidean space, Topol. Appl. 38 (1991), 237–253.
[FKT] M. H. Freedman, V. S. Krushkal and P. Teichner, Van Kampen’s embedding obstruction
is incomplete for 2-complexes in R4, Math. Res. Letters 1 (1994), 167–176.
[Fr15] F. Frick, Counterexamples to the topological Tverberg conjecture, arXiv:1502.00947
[FT77] R. Fenn, P. Taylor, Introducing doodles, pp. 37-43 in: Topology of Low-Dimensional
Manifolds, Proceedings of the Second Sussex Conference, 1977, Ed. R. Fenn, V. 722 of
Lecture Notes in Math.
[Gr10] M. Gromov, Singularities, expanders and topology of maps. Part 2: From combinatorics
to topology via algebraic isoperimetry, Geom. and Funct. Analysis 20:2 (2010), 416–526.
[GS79] P. M. Gruber and R. Schneider. Problems in geometric convexity. In Contributions to
geometry (Proc. Geom. Sympos., Siegen, 1978), 255–278. Birkha¨user, Basel-Boston, Mass.,
1979.
[Ha34] H. Chojnacki (Hanani). U¨ber wesentlich unpla¨ttbare Kurven im dreidimensionalen
Raume. Fund. Math., 23:135–142, 1934.
21
[Ha62] A. Haefliger, Knotted (4k − 1)-spheres in 6k-space, Ann. of Math. 75 (1962) 452–466.
[Ha63] A. Haefliger Plongements differentiables dans le domain stable, Comment. Math. Helv.
36 (1962-63), 155–176.
[Ha84] N. Habegger, Obstruction to embedding disks II: a proof of a conjecture by Hudson,
Topol. Appl. 17 (1984).
[HK98] N. Habegger and U. Kaiser, Link homotopy in 2–metastable range, Topology 37:1 (1998)
75–94.
[Ki89] R. C. Kirby, The Topology of 4-Manifolds, Lect. Notes Math. 1374, Springer-Verlag,
Berlin, 1989.
[KM61] M. Kervaire and J. W. Milnor, On 2-spheres in 4-manifolds, Proc. Nat. Acad. Sci. USA
47 (1961), 1651–1657.
[Kr00] V. S. Krushkal, Embedding obstructions and 4-dimensional thickenings of 2-complexes,
Proc. Amer. Math. Soc. 128 (2000), no. 12, 3683–3691.
[KT97] V. Krushkal and P. Teichner, Alexander duality, gropes and link homotopy, Geometry
& Topology 1 (1997), 51–69, arxiv/math:9705222.
[Lo01] M. de Longueville. Notes on the topological Tverberg theorem. Discrete Math. 247 (2002),
no. 1–3, 271–297. (The original version in Discrete Math. 241 (2001) 207–233, suffered from
serious publisher’s typesetting errors.)
[Me17] S. Melikhov, Gauss type formulas for link map invariants, arXiv:1711.03530.
[Me03] A. Merkov, Vassiliev invariants classify plane curves and doodles. Sbornik: Mathematics
194:9 (2003) 1301–1330.
[MW] I. Mabillard and U. Wagner. Eliminating Higher-Multiplicity Intersections, I. A Whitney
Trick for Tverberg-Type Problems, arXiv:1508.02349
[MW’] I. Mabillard and U. Wagner. Eliminating Higher-Multiplicity Intersections, II. The
Deleted Product Criterion in the r-Metastable Range, arxiv: 1601.00876
[MW14] I. Mabillard and U. Wagner, Eliminating Tverberg Points, I. An Analogue of the Whit-
ney Trick, Proceedings of the Thirtieth Annual Symposium on Computational Geometry
(SoCG’14), pp. 171-180, ACM, New York, 2014.
[MW16] I. Mabillard and U. Wagner. Eliminating Higher-Multiplicity Intersections, II. The
Deleted Product Criterion in the r-Metastable Range, Proceedings of the 32nd Annual
Symposium on Computational Geometry (SoCG’16).
[O¨z] M. O¨zaydin. Equivariant maps for the symmetric group, unpublished manuscript (1987),
available online at http://minds.wisconsin.edu/handle/1793/63829.
[Po80] R. Porter, Milnor’s µ-invariants and Massey products, Trans. Amer. Math. Soc. 257
(1980), no. 1, 39–71.
[PS96] V. V. Prasolov, Sossinsky A.B. Knots, Links, Braids, and 3-manifolds. Amer. Math. Soc.
Publ., Providence, R.I., 1996.
22
[RS72] C. P. Rourke and B. J. Sanderson, Introduction to Piecewise-Linear Topology, Ergebn.
der Math. 69, Springer-Verlag, Berlin, 1972.
[RS98] D. Repovsˇ and A. B. Skopenkov, A deleted product criterion for approximability of a
map by embeddings, Topol. Appl. 87 (1998), 1–19.
[Sa91] K. S. Sarkaria, A Generalized van Kampen-Flores Theorem, Proc. of the Amer. Math.
Soc. 111:2 (1991) 559-565.
[Sc13] Schaefer, M. Toward a theory of planarity: Hanani-Tutte and planarity variants. J. Graph
Algorithms Appl., 17(4), 367440, 2013.
[Sh57] A. Shapiro. Obstructions to the imbedding of a complex in a euclidean space. I. The first
obstruction. Ann. of Math. (2), 66:256–269, 1957.
[Sk00] A. Skopenkov, On the generalized Massey–Rolfsen invariant for link maps, Fund. Math.
165 (2000), 1–15.
[Sk02] A. Skopenkov, On the Haefliger-Hirsch-Wu invariants for embeddings and immersions,
Comment. Math. Helv. 77 (2002), 78–124.
[Sk08] A. Skopenkov, Embedding and knotting of manifolds in Euclidean spaces, in: Surveys in
Contemporary Mathematics, Ed. N. Young and Y. Choi, London Math. Soc. Lect. Notes,
347 (2008) 248–342. arxiv:math/0604045
[Sk08’] A. Skopenkov, Classification of smooth embeddings of 3-manifolds in 6-space, Math.
Zeitschrift, 260:3, 2008, 647-672, arxiv:math/0603429
[Sk10] A. Skopenkov, A classification of smooth embeddings of 4-manifolds in 7-space, I, Topol.
Appl., 157 (2010) 2094-2110, arXiv:0808.1795.
[Sk14] A. Skopenkov, Realizability of hypergraphs and Ramsey link theory, arXiv:1402.0658.
[Sk16] A. Skopenkov, A user’s guide to the topological Tverberg Conjecture, Russian Math.
Surveys, 73:2 (2018), 323–353. Earlier version: arXiv:1605.05141v4. §4 available as
arXiv:1704.00300.
[Sk17] A. Skopenkov, Eliminating higher-multiplicity intersections in the metastable dimension
range, arXiv:1704.00143.
[Sk] A. Skopenkov, Algebraic topology from algorithmic point of view, draft of a book,
http://www.mccme.ru/circles/oim/algor.pdf
[Sk’] A. Skopenkov, On the metastable Mabillard-Wagner conjecture, arXiv:1702.04259.
[Sp90] S. Spiez˙, Imbeddings in R2m of m-dimensional compacta with dim(X ×X) < 2m, Fund.
Math. 134 (1990), 105–115.
[SSS] J. Segal, A. Skopenkov and S. Spiez˙, Embeddings of polyhedra in Rm and the deleted
product obstruction, Topol. Appl. 85 (1998), 225–234.
[ST80] H. Seifert and W. Threlfall. A textbook of topology, volume 89 of Pure and Applied
Mathematics. Academic Press, Inc. New York-London, 1980.
[ST91] S. Spiez˙ and H. Torun´czyk, Moving compacta in Rm apart, Topol. Appl. 41 (1991),
193–204.
23
[St96] A. Storjohann. Near optimal algorithms for computing Smith normal forms of integer
matrices. International Symposium on Symbolic and Algebraic Computation (1996), 267–
274.
[ST12] R. Schneiderman and P. Teichner, Pulling Apart 2-spheres in 4-manifolds, Documenta
Mathematica, to appear, arXiv:1210.5534.
[ST17] A. Skopenkov and M. Tancer, Hardness of almost embedding simplicial complexes in Rd,
Discr. Comp. Geom., to appear, arXiv:1703.06305
[Tu70] W. T. Tutte. Toward a theory of crossing numbers. J. Combin. Theory 8 (1970), 45–53.
[VK] E. R. van Kampen, Komplexe in euklidischen Ra¨umen. Abh. Math. Sem. Univ. Hamburg
9 (1933), 72–78. Berichtigung dazu, 152–153.
[Vo96] A. Yu. Volovikov, On a topological generalization of the Tverberg theorem. Math. Notes
59:3 (1996) 324-326.
[Vo96’] A. Yu. Volovikov, On the van Kampen-Flores Theorem. Math. Notes 59:5 (1996), 477-
481.
[Wu65] W. T. Wu. A Theory of Embedding, Immersion and Isotopy of Polytopes in an Euclidean
Space. Peking: Science Press, 1965.
[We67] C. Weber, Plongements de polye`dres dans le domain metastable, Comment. Math. Helv.
42 (1967), 1–27.
[Zi17] R.T. Zˇivaljevic´. Topological Methods in Discrete Geometry. Chapter 21 of Handbook of
Discrete and Computational Geometry (3rd Edition), edited by J. E. Goodman, J. O’Rourke,
and C. D. To´th, CRC Press LLC, Boca Raton, FL, 2017.
[Wh44] H. Whitney, The self-intersections of a smooth n-manifolds in 2n-space, Ann. of Math
(2), 45 (1944) 220–246.
24
